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 Representation of Ordinal Contexts by Ordered  n -Quasigroups
 U TA W ILLE
 In data analysis dependencies between attributes are of central interest . An important
 question is whether there exist algebraic decriptions of these dependencies . In this paper it is
 shown that simple ordinal axioms already allow to describe dependencies between ordinal
 attributes by ordered  n -quasigroup operations . This is done with respect to  n  distinguished
 attributes . Further questions concerning stronger representations by ordered  n -quasigroups are
 discussed .
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 1 .  M EASUREMENT BY O RDERED  n -Q UASIGROUPS
 In data analysis it is of central interest to describe observed phenomena by
 quantitative models . This presupposes that the values of the considered attributes are
 numbers or can be represented by numbers . Often it is dif ficult to decide which
 attributes have numerical measurements and which numerical manipulations of the
 measurement values are meaningful . Such questions are treated by  representational
 measurement theory  (see [2]) . Following the measurement theory approach , this paper
 is concerned with the question :
 Under which conditions can dependencies between ordinal attributes be
 described by ordered n - quasigroup operations ?
 In the following , this question will be formulated mathematically . By the measurement
 theory approach , we first have to describe the mathematical model in which
 dependencies between attributes shall be studied ; i . e . we have to formalize our notion
 of ‘ordinal data’ . In many applications , ordinal data are given in form of a table that
 reports , for considered objects , the values with respect to given ordinal attributes . Such
 tables of ordinal attributes are formalized by ordinal contexts (cf . [4]) .
 D EFINITION 1 .  A quadruple  K  : 5  ( G ,  M ,  ( W m  ,  > m ) m P M , I ) is called a (complete)
 ordinal context  if  G  and  M  are sets , ( W m  ,  > m ) m P M  is a family of partially ordered sets ,
 and  I  is a ternary relation with  I  Ô  ! m P M  G  3  h m j  3  W m  such that for each  g  P  G  and
 m  P  M ,  there is exactly one  w  P  W m  with ( g ,  m ,  w )  P  I .  The elements of  G , M  and  W m
 ( m  P  M )  are called  objects , attributes  and  attribute  y  alues ,  respectively .
 Since an attribute  m  of an ordinal context  K  can also be understood as a map from  G
 in  W m  ,  one often writes  m ( g )  5  w  instead of ( g ,  m ,  w )  P  I ,  and one reads ‘the object  g
 has the value  w  for the attribute  m ’ .  In the following we assume that the examined data
 are given in form of such a table and choose ordinal contexts as the formal structures in
 which dependencies between attributes are studied .
 Let  K  be an ordinal context and let  m 0  , m 1  ,  .  .  .  ,  m n  be attributes of  K . In order to
 describe the dependency between the attributes  m 0  ,  m 1  ,  .  .  .  ,  m n  algebraically , one
 usually views the attribute values of  m 0  ,  m 1  ,  .  .  .  ,  m n  as real numbers such that the
 order relations of  K  are the restrictions of the order on the real numbers to the
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 attribute values . Now , it is a classical problem of measurement theory to formulate
 conditions under which we have
 m 0 ( g )  5  m 1 ( g )  1  .  .  .  1  m n ( g )  (  p  )
 for all objects  g  of  K  (cf . [2 ,  Ch .  6]) . Unfortunately , such additive real representations
 require strong conditions for the underlying data in order to be representable . Since
 data , especially in the social and behavioural sciences , usually do not fulfil such strong
 conditions , it is also important to study the representability of ordinal data by more
 general algebraic structures . Therefore , this paper is concerned with the representation
 of ordinal contexts by ordered  n -quasigroups and ordered  n -loops . These are general
 algebraic structures which are suitable to describe dependencies of ordinal attributes
 algebraically (cf . [8]) .
 D EFINITION 2 .  Let  Q  be a set , let  >  be a (partial) order on  Q ,  and let  f  be an  n -ary
 operation on  Q .  Then the triple ( Q ,  f ,  > ) is called an  ordered n - quasigroup  ( n  >  2) if
 the following conditions are satisfied : for every  i  P  h 1 ,  .  .  .  ,  n j  and elements  x j  P  Q  with
 j  P  h 0 ,  1 ,  .  .  .  ,  n j \ h i j :
 ( P i )  there  exists  an  x i  P  Q  with  x 0  5  f  ( x 1  ,  .  .  .  ,  x n )
 and , for  x 0  5  f  ( x 1  ,  .  .  .  ,  x n ) and  y 0  5  f  (  y 1  ,  .  .  .  ,  y n ) ,
 ( Q 0 )  x j  >  y j  for  j  P  h 1 ,  .  .  .  ,  n j  implies  x 0  >  y 0 ;
 ( Q i )  x 0  >  y 0 and  y j  >  x j  for  j  P  h 1 ,  .  .  .  ,  n j \ h i j  imply  x i  >  y i  ( i  5  1 ,  .  .  .  ,  n ) .
 An  ordered n - loop  is an ordered  n -quasigroup that has an element 0 such that
 f  (0 ,  .  .  .  ,  x ,  .  .  .  ,  0)  5  x  for all elements  x  and for each co-ordinate .
 As an immediate conseqnence of the conditions ( Q 0 ) ,  .  .  .  ,  ( Q n ) ,  we obtain that , if
 x 0  5  f  ( x 1  ,  .  .  .  ,  x n ) ,  each element  x i  ( i  5  1 ,  .  .  .  ,  n ) is uniquely determined by the other
 elements  x j  (  j  P  h 0 ,  1 ,  .  .  .  ,  n j \ h i j ) .
 Specific examples for ordered  n -quasigroups can be defined by means of an ordered
 field ( F ,  1 ,  ? ,  > ) .  If  f  :  F  n  5  F  is the linear combination  f  ( x 1  ,  .  .  .  ,  x n )  : 5  r 1  ?  x 1  1  .  .  .  1
 r n  ?  x n  with positive scalars  r 1  ,  .  .  .  ,  r n  P  F ,  then ( F ,  f ,  > ) forms an ordered  n -quasigroup .
 Now , let  K  : 5  ( G ,  M ,  ( W i  ,  > i ) i P h 0 , 1 , . . . ,n j , I ) be an ordinal context with a finite set of
 attributes  M  : 5  h m 0  ,  m 1  ,  .  .  .  ,  m n j .  Then  K  possesses an ordered  n -quasigroup represen-
 tation if there exists an ordered  n -quasigroup ( Q ,  f ,  > ) and an injective mapping
 i  :  G  5  Q n  with
 m i ( g )  > i  m i ( h )  ï  pi i ( i  ( g ))  >  pi i ( i  ( h ))
 and
 m 0 ( g )  > 0  m 0 ( h )  ï  f  ( i  ( g ))  >  f  ( i  ( h )) ,
 for all  g , h  P  G , i  P  h 1 ,  .  .  .  ,  n j ,  where  pi i  denotes the projection into the  i th factor of
 Q n .  In this case , the attribute value of an object  g  with respect to attribute  m 0 can be
 derived as a composition of the attribute values  m 1 ( g ) ,  .  .  .  ,  m n ( g ) ,  and this functional
 dependency may be described algebraically by an ordered  n -quasigroup operation .
 Representations by ordered  n -quasigroups require much weaker conditions than the
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 additive representability by real numbers . For the validity of the additive equation (  p  ) ,
 the following conditions are obviously necessary for all objects  g , h  of  K  and
 i  5  1 ,  .  .  .  ,  n :
 ( A 0 )  m j ( g )  > j  m j ( h )  for  all  j  P  h 1 ,  .  .  .  ,  n j  implies  m 0 ( g )  > 0  m 0 ( h ) ;
 ( A i )  m 0 ( g )  > 0  m 0 ( h ) and  m j ( h )  > j  m j ( g ) for  j  P  h 1 ,  .  .  .  ,  n j \ h i j  imply  m i ( g )  > i  m i ( h ) .
 For example , the condition ( A 0 ) means that if the value of the attributes  m 1  ,  .  .  .  ,  m n
 decrease while changing from one object to another , the value of the attribute  m 0 has
 to decrease too . The conditions ( A 0 ) ,  ( A 1 ) ,  .  .  .  ,  ( A n ) are very fundamental for the
 representability of ordinal contexts by ordered algebraic structures . They are also
 necessary for the representability of  K  by an ordered  n -quasigroup . In [8] it was further
 proved that ( A 0 ) ,  ( A 1 ) ,  .  .  .  ,  ( A n ) are already suf ficient for the representability of  K  by
 an ordered  n -quasigroup . Furthermore , the ordered  n -quasigroup used for the
 co-ordinatization may be transformed into an isotopic ordered  n -loop . Therefore , an
 ordinal context with  n  1  1 attributes can be represented by an ordered  n -loop if f its
 attributes satisfy the conditions ( A 0 ) ,  ( A 1 ) ,  .  .  .  ,  ( A n ) .
 Now , the question naturally arises as to how and when more than  n  1  1 ordinal
 attributes can be represented by ordered  n -quasigroups . For the treatment of this
 question , additive representations may again serve as an example . In this case , the aim
 is to find equations of the form
 m n 1 t ( g )  5  a
 t
 1  ?  m 1 ( g )  1  ?  ?  ?  1  a
 t
 n  ?  m n ( g ) ,
 with  a t i  P  R  for  i  P  h 1 ,  .  .  .  ,  n j , t  P  h 1 ,  .  .  .  ,  l j  in order to represent  n  1  l  attributes
 m 1  ,  .  .  .  ,  m n 1 l .  In this paper , we try to generalize this idea of bilinear representations to
 n -quasigroup representations . Following the approach in [8] , it turns out that  n  1  l
 ordinal attributes can simultaneously be co-ordinatized by  l  ordered  n -quasigroups .
 These co-ordinatizations are performed with respect to  n  distinguished attributes such
 that the dependencies of the distinguished attributes with every further attribute can be
 described by an ordered  n -quasigroup operation .
 Therefore , the aim of this paper is to formulate conditions under which there exists
 an embedding of an ordinal context with  n  1  l  attributes into an ordinal context
 constituted by ordered  n -quasigroups . Such a representing ordinal context is intro-
 duced in the following definition .
 D EFINITION 3 .  Let ( Q ,  f j  ,  > ) be ordered  n -quasigroups for  j  5  1 ,  .  .  .  ,  l .  Then we
 define the ordinal context
 K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > )  : 5  ( Q
 n ,  h pi  1  ,  .  .  .  ,  pi n  ,  f 1  ,  .  .  .  ,  f l j ,  ( Q ,  > ) ,  J ) ,
 where the relation  J  is defined by
 (( x 1  ,  .  .  .  ,  x n ) ,  f ,  q )  P  J  : ï  f  ( x 1  ,  .  .  .  ,  x n )  5  q
 for ( x 1  ,  .  .  .  ,  x n )  P  Q
 n , f  P  h pi  1  ,  .  .  .  ,  pi n  , f 1  ,  .  .  .  ,  f l j ,  and  q  P  Q .  An ordinal context
 K  5  ( G ,  M ,  ( W m  ,  > m ) m P M , I ) with  M  5  h m 1  ,  .  .  .  ,  m n 1 l j  is said to be  isomorphic to
 ( embeddable into )  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > )  with respect to m 1  ,  .  .  .  ,  m n  if there exist bijective
 (injective) mappings  a  :  G  5  Q n ,  b  :  M  5  h pi  1  ,  .  .  .  ,  pi n  , f 1  ,  .  .  .  ,  f l j ,  and  g m :  W m  5  Q  for
 m  P  M  with  b  ( m i )  5  pi i  for  i  5  1 ,  .  .  .  ,  n ,
 ( g ,  m ,  w )  P  I  ï  ( a  ( g ) ,  b  ( m ) ,  g m ( w ))  P  J
 for  g  P  G , m  P  M , w  P  W m  ,  and
 y  > m  w  ï  g m ( y  )  >  g m ( w )
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 for  m  P  M  and  y  , w  P  W m .  If  K  is embeddable into  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > ) with respect to
 attributes  m 1  ,  .  .  .  ,  m n  ,  then  K  is also called  representable by the ordered n - quasigroups
 ( Q ,  f j  ,  > )  for  j  5  1 ,  .  .  .  ,  l .
 For the rest of this paper , the symbol  K  denotes an ordinal context with  n  1  l
 attributes described by ( G ,  h m 1  ,  .  .  .  ,  m n 1 l j ,  ( W i  ,  > i ) i P h 1 , . . . ,n 1 l j ,  I ) ,  where  W i  5
 h m i ( g )  3  g  P  G j  for  i  P  h 1 ,  .  .  .  ,  n  1  l j .  In the following section we discuss under which
 conditions an ordinal context  K  is isomorphic to an ordinal context  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > )
 for suitable ordered  n -quasigroups ( Q ,  f j  ,  > ) with  j  5  1 ,  .  .  .  ,  l .  In the third section an
 embedding theorem is proved . Questions concerning stronger representations by
 ordered  n -quasigroups are discussed in the fourth and last section of this paper .
 2 .  C HARACTERIZATION OF  n -Q UASIGROUP C ONTEXTS
 Useful tools for the treatment of co-ordinatization problems are ‘frames’ , which were
 introduced by John von Neumann in generalizing the idea of co-ordinate systems (cf .
 [3]) . In order to co-ordinatize  G  by  Q n ,  we introduce frames in the lattice of
 equivalence relations on  G ,  where the defining properties of frames are formulated as
 solvability conditions (cf . [5]) . Then we can follow the approach presented in [1] . In
 order to co-ordinatize  K , a co-ordinatization for every set of  n  1  1 attributes
 m 1  ,  .  .  .  ,  m n  , m n 1 t  with  t  P  h 1 ,  .  .  .  ,  l j  has to be performed . Therefore the following
 solvability conditions are needed : for  t  P  h 1 ,  .  .  .  ,  l j  and  i , j  P  h 1 ,  .  .  .  ,  n ,  n  1  t j  with  i  ?  j ,
 we define
 ( P t ij )  ; g ,  h  P  G ' p  P  G  :  g Θ i  p ˚  t ij  h ,
 where the relation  Θ i  on  G  is defined by
 g Θ k h  : ï  m k ( g )  5  m k ( h )  ( g ,  h  P  G )
 for  k  P  h 1 ,  .  .  .  ,  n  1  l j  and  ˚  t ij  : 5  " k P h 1 , . . . ,n ,n 1 t j \ h i ,j j  Θ k .  An ordinal context  K  satisfying
 ( P t ij )  for all  t  P  h 1 ,  .  .  .  ,  l j  and  i , j  P  h 1 ,  .  .  .  ,  n ,  n  1  t j  with  i  ?  j  is called  sol y  able  with
 respect to  m 1  ,  .  .  .  ,  m n .
 In order to be representable , the attributes  m 1  ,  .  .  .  ,  m n  , m n 1 t  have , of course , to be
 ordinally dependent for  t  P  h 1 ,  .  .  .  ,  l j .  By the definition of ordered  n -quasigroups , the
 following ordinal dependencies are necessary .
 D EFINITION 4 .  For  t  P  h 1 ,  .  .  .  ,  l j  and  i  P  h 1 ,  .  .  .  ,  n j ,  we define the conditions ( A t n 1 t )
 and ( A t i ) :
 ( A t n 1 t )  m j ( g )  > j  m j ( h )  for  all  j  P  h 1 ,  .  .  .  ,  n j  implies  m n 1 t ( g )  > n 1 t  m n 1 t ( h ) ;
 ( A t i )  5 m n 1 t ( g )  > n 1 t  m n 1 t ( h )  and  m j ( h )  > j  m j ( g )  for  all  j  P  h 1 ,  .  .  .  ,  n j \ h i j
 imply  m i ( g )  > i  m i ( h ) .
 If an ordinal context  K  satisfies ( A t 1 ) ,  .  .  .  ,  ( A
 t
 n ) ,  ( A
 t
 n 1 t ) for  t  P  h 1 ,  .  .  .  ,  l j  with respect to
 the ( attribute )  basis m 1  ,  .  .  .  ,  m n  ,  then  K  is called  n - based .
 The notion ‘ n -based’ indicates that there is a distinguished basis . In the following it
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 will be proved that the conditions ( P t ij ) and ( A
 t
 1 ) ,  .  .  .  ,  ( A
 t
 n ) ,  ( A
 t
 n 1 t ) already characterize
 K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > )  if  " k P h 1 , . . . ,n j  Θ k  5  id G  is further assumed . In order to justify this
 additional assumption , note that the conditions ( A t 1 ) ,  .  .  .  ,  ( A t n ) ,  ( A t n 1 t ) imply
 " j P h 1 , . . . ,n ,n 1 t j \ h i j  Θ j  Ô  Θ i  for each  i  P  h 1 ,  .  .  .  ,  n ,  n  1  t j ; i . e .  " j P h 1 , . . . ,n ,n 1 t j \ h i j  Θ j  5
 " j P h 1 , . . . ,n ,n 1 t j  Θ j  5  " n j 5 1  Θ j  5 :  0  .  Therefore the attributes  m n 1 1 ,  .  .  .  ,  m n 1 l  functionally
 depend on  h m 1  ,  .  .  .  ,  m n j .  It follows that the ordinal context  K  can be factored by the
 equivalence relation  0  5  " n k 5 1  Θ k  without loss of structural information . Hence we
 may assume that  0   is the identity relation  id G  which simplifies notations of our
 investigations . In the following theorem , one direction of the characterization of
 K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > )  is proved .
 T HEOREM 1 .  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > )  is a sol y  able n - based ordinal context with respect to
 the projections  pi  1  ,  .  .  .  ,  pi n ha y  ing the property that  " k P h 1 , . . . ,n j  Θ k  5  id Q n .
 P ROOF .  Since ( Q ,  f t  ,  > ) is an ordered  n -quasigroup , the operation  f t  satisfies the
 conditions ( Q 0 ) ,  ( Q 1 ) ,  .  .  .  ,  ( Q n ) ,  which has the immediate consequence that the
 ordinal context  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > ) satisfies ( A
 t
 1 ) ,  .  .  .  ,  ( A
 t
 n ) and ( A
 t
 n 1 t ) .
 Now , we have to verify ( P t ij ) for  t  P  h 1 ,  .  .  .  ,  l j  and  i ,  j  P  h 1 ,  .  .  .  ,  n , n  1  t j ,  with  i  ?  j .
 Let  x  : 5  ( x 1  ,  .  .  .  ,  x n ) and  z  : 5  ( z 1  ,  .  .  .  ,  z n ) be elements of  Q n  and let  x n 1 t  : 5
 f t ( x 1  ,  .  .  .  ,  x n )  and  z n 1 t  : 5  f t ( z 1  ,  .  .  .  ,  z n ) .  For  s  P  h 1 ,  .  .  .  ,  n ,  n  1  t j \ h  j j ,  we choose  y s  P  Q
 with  y i  5  x i  and  y k  5  z k  if  k  P  h 1 ,  .  .  .  ,  n ,  n  1  t j \ h i ,  j j .  Then there exists an element  y j  in  Q
 such that  y n 1 t  5  f t (  y 1  ,  .  .  .  ,  y n ) ,  because  f t  satisfies ( P j ) as an  n -quasigroup operation . For
 y  : 5  (  y 1  ,  .  .  .  ,  y n ) ,  it follows that  x Θ i y ˚  t ij z  because , by the definition of
 K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > ) ,  x Θ k y  if f  x k  5  y k  for  k  P  h 1 ,  .  .  .  ,  n j .  This proves ( P t ij ) for
 K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > ) .  Finally ,  0  5  Θ 1  >  ?  ?  ?  >  Θ n  5  id Q n  is obviously satisfied .  h
 In the following , we collect some properties of solvable  n -based ordinal contexts
 satisfying  " k P h 1 , . . . ,n j  Θ k  5  id G .  Let  K  be such an ordinal context and let [ g ] i  and [ g ] t ij
 denote the equivalence classes of  Θ i  and  ˚  t ij  containing the element  g  P  G ,
 respectively .
 L EMMA 1 .  Let  a  :  G  5  W 1  3  ?  ?  ?  3  W n be defined by
 a  ( g )  : 5  ( m 1 ( g ) ,  .  .  .  ,  m n ( g ))  ( g  P  G ) .
 Then  a  is a bijection .
 P ROOF .  First it will be shown that the mapping  i G  :  G  5  3 n i 5 1  G  / Θ i  defined by
 i G ( g )  : 5  ([ g ] 1  ,  .  .  .  ,  [ g ] n )  is a bijection . For objects  g , h  P  G  with ([ g ] 1  ,  .  .  .  ,  [ g ] n )  5
 ([ h ] 1  ,  .  .  .  ,  [ h ] n ) ,  we have  g ( " n i 5 1  Θ i ) h .  Since  " n i 5 1  Θ i  5  id G  ,  this implies  g  5  h .  Thus  i G
 is injective . Now , let ([ h 1 ] 1  ,  .  .  .  ,  [ h n ] n )  P  3 n i 5 1  G  / Θ i  .  We choose  k 1  : 5  h 1  .  By ( P t 0 i ) ,
 there exist , for  i  5  2 ,  .  .  .  ,  n ,  elements  k i  of  G  satisfying  h i Θ i k i ˚  t 0 i k i 2 1 .  By induction , it
 follows that  h i Θ i k j  for 1  <  i  <  j  <  n ; in particular , we have [ h i ] i  5  [ k n ] i  for  i  5  1 ,  .  .  .  ,  n .
 Hence  i G ( k n )  5  ([ h 1 ] 1  ,  .  .  .  ,  [ h n ] n ) .  This shows that  i G  is also onto .  h m i ( g )  3  g  P  G j  5  W i
 implies that , for  i  5  1 ,  .  .  .  ,  n ,  the mappings  i G i :  G  / Θ i  5  W i  defined by  i G i ([ g ] i )  : 5  m i ( g )
 are bijective . This finally yields that  a  ,  as the ‘product’ of these mappings , is bijective .
 h
 L EMMA 2 .  u [ g ] i  >  [ h ] t ij u  5  1  for all g , h  P  G , t  P  h 1 ,  .  .  .  ,  l j , and i , j  P  h 1 ,  .  .  .  ,  n ,  n  1  t j
 with i  ?  j .
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 P ROOF .  By ( P t ij ) ,  there exists an element  p  in  G  with  g Θ i  p ˚  t ij  h ,  i . e .  p  P  [ g ] i  >  [ h ] t ij  .
 Since  Θ i  >  ˚  t ij  5  0  5  id G  ,  this leads to [ g ] i  >  [ h ] t ij  5  h  p j .  h
 L EMMA 3 .  Let o G be an element of G , let t  P  h 1 ,  .  .  .  ,  l j , and let  w t ij :  W i  5  W j
 ( i ,  j  P  h 1 ,  .  .  .  ,  n j ; i  ?  j )  be defined by
 w  t ij ( w )  : 5  m j ([ g ( i ,w ) ] n 1 t  >  [ o G ]
 t
 j ,n 1 t )
 where g ( i ,w )  denotes the object with m i ( g ( i ,w ) )  5  w and g ( w ,i ) Θ k o G for k  P  h 1 ,  .  .  .  ,  n j \ h i j .
 Then  w t ij is an order isomorphism from  ( W i  ,  > i )  onto  ( W j  ,  > j ) ;  furthermore ,  w
 t
 ik  5
 w t ij  +  w
 t
 jk .
 P ROOF .  By Lemma 2 , for each  w  P  W i  ,  there exists a unique element  g  in  G  with
 h g j  5  [ g ( i ,w ) ] n 1 t  >  [ o G ] t j ,n 1 t .  Conversely , for  g  P  [ o G ] t j ,n 1 t ,  there exists an element  h  in  G
 with  g Θ n 1 t  h ˚  t i ,n 1 t  o G  by ( P t i ,n 1 t ) .  Then  h  5  g ( i ,w ) for a unique element  w  in  W i  and
 h g j  5  [ h ] n 1 t  >  [ o G ] t j ,n 1 t .  Thus ,  w t ij  is a bijection from  W i  onto  W j .
 Let  y  > i  w  be elements of  W i .  Then  g ( i , y  ) ˚  t i ,n 1 t  o G ˚  t i ,n 1 t g ( i ,w ) yields  m k ( g ( i , y  ) )  > k
 m k ( g ( i ,w ) ) for  k  P  h 1 ,  .  .  .  ,  n j \ h i j .  Because  m i ( g ( i , y  ) )  5  y  > i  w  5  m i ( g ( i ,w ) ) ,  the condition
 ( A t n 1 t )  yields  m n 1 t ( g ( i , y  ) )  > n 1 t  m n 1 t ( g ( i ,w ) ) .  Now , let  g  and  h  be the elements of  G  with
 h g j  5  [ g ( i , y  ) ] n 1 t  >  [ o G ] t j ,n 1 t  and  h h j  5  [ g ( i ,w ) ] n 1 t  >  [ o G ] t j ,n 1 t .  Then  m n 1 t ( g )  > n 1 t  m n 1 t ( h )
 and  g ˚  t j ,n 1 t  h  imply  m j ( g )  > j  m j ( h ) by ( A t j ) ,  i . e .  w  t ij ( y  )  > j  w  t ij ( w ) .  Conversely , we obtain
 y  > i  w  from  w
 t
 ij ( y  )  > j  w
 t
 ij ( w ) .
 Let  x  P  W i  , y  P  W j  , z  P  W k  with  w
 t
 ij ( x )  5  y  and  w
 t
 jk (  y )  5  z .  Then [ g ( i ,x ) ] n 1 t  >  [ o G ]
 t
 j ,n 1 t  5
 h g (  j ,y ) j  and [ g (  j ,y ) ] n 1 t  >  [ o G ] t k ,n 1 t  5  h g ( k ,z ) j  yield  g ( i ,x ) Θ n 1 t g ( k ,z ) and thus [ g ( i ,x ) ] n 1 t  >
 [ o G ]
 t
 k ,n 1 t  5  h g ( k ,z ) j .  Therefore ,  w  t ij  +  w  t jk  5  w  t ik .  h
 Now , we are ready to prove the desired characterization theorem .
 T HEOREM 2 (characterization of  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > )) .  E y  ery sol y  able n - based ordinal
 context  K  with  " n i 5 1  Θ i  5  id G is isomorphic  ( with respect to the basis of  K )  to an ordinal
 context  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > )  of suitable ordered n - quasigroups  ( Q ,  f j  ,  > )  with j  P
 h 1 ,  .  .  .  ,  l j .
 P ROOF .  Let  K  : 5  ( G ,  M ,  ( W i  ,  > i ) i P h 1 , . . . ,n 1 l j , I ) be solvable and  n -based with respect to
 m 1  ,  .  .  .  ,  m n  and let  o G  be a distinguished element of  G .  Furthermore , let  Q  : 5  W 1 and
 let  i  :  G  5  Q n  be defined by  i  ( g )  : 5  ( x 1  ,  .  .  .  ,  x n ) with  x i  : 5  w  n 1 1 i 1  ( m i ( g )) for  i  P
 h 1 ,  .  .  .  ,  n j .  Then  i  is a bijection from  G  onto  Q n ,  because  i  is the composition of the
 bijections  a  and  w  n 1 1 i 1  (cf . Lemmas 1 and 3) . For  i  5  1 ,  .  .  .  ,  n ,  we have
 m i ( g )  > i  m i ( h )  ï  pi i ( i g )  > 1  pi i ( i h ) .
 This suggests choosing  > 1 as the order relation  >  on  Q .  Now ,  n -quasigroup operations
 f 1  ,  .  .  .  ,  f l  have to be defined on  Q  respecting the order  >  on  Q .  For ( x 1  ,  .  .  .  ,  x n )  P  Q
 n
 and  t  P  h 1 ,  .  .  .  ,  l j ,  there exists , by Lemma 2 , a unique element  h  of  G  with
 h h j  5  [ o G ] t 1 ,n 1 t  >  [ i  2 1 ( x 1  ,  .  .  .  ,  x n )] n 1 t .  Therefore , we define  f t :  Q n  5  Q  by
 f t ( x 1  ,  .  .  .  ,  x n )  : 5  m 1 ([ o G ]
 t
 1 ,n 1 t  >  [ i
 2 1 ( x 1  ,  .  .  .  ,  x n )] n 1 t ) .
 In order to verify that  f t  satisfies ( P i ) for  i  P  h 1 ,  .  .  .  ,  n j ,  let  x , x j  and  y  be elements of  Q
 for  j  P  h 1 ,  .  .  .  ,  n j \ h i j .  Then we have to prove that there is an element  x i  in  Q  with
 f t ( x 1  ,  .  .  .  ,  x i  ,  .  .  .  ,  x n )  5  x .  By Lemma 2 , there exists an element  g  in  G  with  h g j  5
 [ i  2 1 ( x 1  ,  .  .  .  ,  x i 2 1 ,  y , x i 1 1 ,  .  .  .  ,  x n )]
 t
 i ,n 1 t  >  [ g (1 ,x ) ] n 1 t .  If  x i  is the unique element in  Q  with
 g  5  i  2 1 ( x 1  ,  .  .  .  ,  x i 2 1 ,  x i  ,  .  .  .  ,  x n ) ,  then [ o G ]
 t
 1 ,n 1 t  >  [ i
 2 1 ( x 1  ,  .  .  .  ,  x n )] n 1 t  5  h g (1 ,x ) j ; i . e .
 f t ( x 1  ,  .  .  .  ,  x n )  5  x .  Hence  f t  satisfies ( P i ) for  i  P  h 1 ,  .  .  .  ,  n j .
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 Next we prove that  f t  satisfies ( Q 0 ) .  Let  i  ( g )  5  ( x 1  ,  .  .  .  ,  x n ) and  i  ( h )  5  (  y 1  ,  .  .  .  ,  y n ) ,
 with  x i  >  y i  ,  for  i  P  h 1 ,  .  .  .  ,  n j .  Then  m i ( g )  > i  m i ( h ) for  i  5  1 ,  .  .  .  ,  n ,  which implies
 m n 1 t ( g )  > n 1 t  m n 1 t ( h )  by ( A
 t
 n 1 t ) .  Since  h g (1 ,f t ( x 1 , . . . ,x n ) j  5  [ o G ]
 t
 1 ,n 1 t  >  [ g ] n 1 t  and
 h g (1 ,f t (  y 1 , . . . ,y n )) j  5  [ o G ]
 t
 1 ,n 1 t  >  [ h ] n 1 t ,  we have  m j ( g (1 ,f t (  y 1 , . . . ,y n )) )  > j  m j ( g (1 ,f t ( x 1 , . . . ,x n )) ) for all
 j  P  h 2 ,  .  .  .  ,  n j  and  m n 1 t ( g (1 ,f t ( x 1 , . . . ,x n )) )  > n 1 t  m n 1 t ( g (1 ,f t (  y 1 , . . . ,y n )) ) ,  which yields
 m 1 ( g (1 ,f t ( x 1 , . . . ,x n )) )  > 1  m 1 ( g (1 ,f t (  y 1 , . . . ,y n )) )  by ( A
 t
 1 ) .  Thus ,  f t ( x 1  ,  .  .  .  ,  x n )  >  f t (  y 1  ,  .  .  .  ,  y n ) ,  which
 proves ( Q 0 ) .  Conversely ,  f t ( i g )  >  f t ( i h ) implies that  m n 1 t ( g )  > n 1 t  m n 1 t ( h ) by ( A t n 1 t ) ,
 which leads to
 m n 1 t ( g )  > n 1 t  m n 1 t ( h )  ï  f t ( i g )  >  f t ( i h )
 for all  g , h  P  G .  Now , we can define an isomorphism from  K  onto  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > ) .
 Let  m  :  M  5  h pi  1  ,  .  .  .  ,  pi n  ,  f 1  ,  .  .  .  ,  f l j  be defined by  m  ( m i )  : 5  pi i  for  i  5  1 ,  .  .  .  ,  n  and
 m  ( m n 1 t )  : 5  f t  for  t  5  1 ,  .  .  .  ,  l .  Furthermore , let  É s :  W s  5  Q  ( s  P  h 1 ,  .  .  .  ,  n  1  l j ) be defined
 by  É i  : 5  w n 1 1 i 1  for  i  P  h 1 ,  .  .  .  ,  n j  and  É  n 1 t ( m n 1 t ( g ))  : 5  f t ( i g ) for  t  P  h 1 ,  .  .  .  ,  l j .  Then
 ( i  ,  m  ,  É i ) i P h 1 , . . . ,n 1 l j  forms an isomorphism from  K  onto  K ( Q ,  f 1  ,  .  .  .  ,  f l ) ,  > ) .
 We only have to check whether  f t  satisfies ( Q i ) for  i  5  1 ,  .  .  .  ,  n .  Let  x  5  f t ( x 1  ,  .  .  .  ,  x n )
 and  y  5  f t (  y 1  ,  .  .  .  ,  y n ) with  x  >  y  and  y j  >  x j  for  j  P  h 1 ,  .  .  .  ,  n j \ h i j .  Then , for  g  5
 i  2 1 ( x 1  ,  .  .  .  ,  x n )  and  h  5  i
 2 1 (  y 1  ,  .  .  .  ,  y n ) ,  it follows that  m j ( h )  > j  m j ( g ) for  j  P
 h 1 ,  .  .  .  ,  n j \ h i j  and  m n 1 t ( g )  > n 1 t  m n 1 t ( h ) ,  which implies  m i ( g )  > i  m i ( h ) by ( A t i ) .  Hence
 x i  >  y i  and ( Q i ) holds for  f t .  This proves that ( Q ,  f j  ,  > ) with  j  P  h 1 ,  .  .  .  ,  l j  are in fact
 ordered  n -quasigroups .  h
 3 .  S OLVABILITY IN  n -B ASED O RDINAL C ONTEXTS
 In order to establish an embedding theorem for ordinal contexts into the ordinal
 context  K ( Q ,  f 1  ,  .  .  .  ,  f l  ,  > ) ,  we shall prove in the following that every  n -based ordinal
 context can be extended to a solvable  n -based ordinal context . Therefore , the
 solvability conditions ( P t ij ) in Theorem 2 are only of a technical nature , and an ordinal
 context has a representation by ordered  n -quasigroups if f it is  n -based . In other words ,
 it will be shown that the solvability conditions ( P t ij ) in Theorem 2 are ‘non-testable’ in
 the class of all  n -based ordinal contexts . Thereby , a condition is said to be  non - testable
 in a structure class  L  if each finite structure of  L  can be embedded into a structure of  L
 satisfying this condition . Non-testability means that the condition cannot be falsified by
 finite data (cf . [8]) .
 L EMMA 4 (extension lemma) .  Let  ( G ,  M ,  ( W i  ,  > i ) i P h 1 , . . . ,n 1 l j ,  I )  be an n - based ordinal
 context with respect to basis m 1  ,  .  .  .  ,  m n . Furthermore , let t  P  h 1 ,  .  .  .  ,  l j , i  ?  j in
 h 1 ,  .  .  .  ,  n ,  n  1  t j , and g , h  P  G such that there is no p in G with g Θ i  p ˚  t ij  h . Then , for
 k  5  1 ,  .  .  .  ,  n  1  l , the orders  > k on W k can be extended to W k < ~  h w #  k j  such that the extended
 ordinal context  ( G < ~  h p#  j , M ,  ( W k < ~  h w #  k j ,  > k ) k P h 1 , . . . ,n 1 l j , I #  )  with m k ( p#  )  5  w #  k for k  5
 1 ,  .  .  .  ,  n  1  l is still n - based and , in addition , g Θ i p#  ˚  t ij  h .
 P ROOF (cf . [8]) .  The extensions of the orders  > k  are defined as follows :
 w #  k  > k  w #  k  for  k  P  h 1 ,  .  .  .  ,  n  1  l j ,
 y  > i w #  i  :  ï  y  > i  m i ( g )
 w #  i  > i  w :  ï  m i ( g )  > i  w ,
 y  > k  w #  k  :  ï  y  > k  m k ( h )  for  k  P  h 1 ,  .  .  .  ,  n ,  n  1  t j \ h i ,  j j ,
 w #  k  > k  w  :  ï  m k ( h )  > k  w  for  k  P  h 1 ,  .  .  .  ,  n ,  n  1  t j \ h i ,  j j .
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 To define the remaining extensions , three cases have to be distinguished . If  j  5  n  1  t
 and  i  P  h 1 ,  .  .  .  ,  n j ,  we further define , for  s  P  h n  1  1 ,  .  .  .  ,  n  1  l j ,
 y  > s  w #  s  :  ï ' x  P  G :  y  > s  m s ( x ) ,  m i ( x )  > i  m i ( g )  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h i j :  m k ( x )  > k  m k ( h ) ,
 w #  s  > s  w  :  ï ' y  P  G :  m s (  y )  > s  w ,  m i ( g )  > i  m i (  y )  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h i j :  m k ( h )  > k  m k (  y ) .
 If  i  5  n  1  t  and  j  P  h 1 ,  .  .  .  ,  n j ,  we define , for  j  and  s  P  h n  1  1 ,  .  .  .  ,  n  1  l j \ h n  1  t j ,
 y  > j  w #  j  :  ï  ' x  P  G :  y  > j  m j ( x ) ,  m n 1 t ( x )  > n 1 t  m n 1 t ( g )  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h  j j :  m k ( h )  > k  m k ( x ) ,
 w #  j  > j  w  :  ï  ' y  P  G :  m j (  y )  > j  w ,  m n 1 t ( g )  > n 1 t  m n 1 t (  y )  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h  j j :  m k (  y )  > k  m k ( h ) ,
 y  > s  w #  s  :  ï ' x  P  G :  y  > s  m s ( x ) ,  m j ( x )  > j  w #  j  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h  j j :  m k ( x )  > k  m k ( h ) ,
 w #  s  > s  w  :  ï ' y  P  G :  m s (  y )  > s  w ,  w #  j  > j  m j (  y )  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h  j j :  m k ( h )  > k  m k (  y ) .
 If  i , j  P  h 1 ,  .  .  .  ,  n j ,  we define , for  j  and  s  P  h n  1  1 ,  .  .  .  ,  n  1  l j \ h n  1  t j ,
 y  > j  w #  j  :  ï  ' x  P  G :  y  > j  m j ( x ) ,  m i ( g )  > i  m i ( x ) ,  m n 1 t ( x )  > n 1 t  m n 1 t ( h )  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j :  m k ( h )  > k  m k ( x ) ,
 w #  j  > j  w  :  ï  ' y  P  G :  m j (  y )  > j  w ,  m i (  y )  > i  m i ( g ) ,  m n 1 t ( h )  > n 1 t  m n 1 t (  y )  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j :  m k (  y )  > k  m k ( h ) ,
 y  > s  w #  s  :  ï  ' x  P  G :  y  > s  m s ( x ) ,  m i ( x )  > i  m i ( g ) ,  m j ( x )  > j  w #  j  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j :  m k ( x )  > k  m k ( h ) ,
 w #  s  > s  w  :  ï ' y  P  G :  m s (  y )  > s  w ,  m i ( g )  > i  m i (  y ) ,  w #  j  > j  m j (  y )  and
 ; k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j :  m k ( h )  > k  m k (  y ) .
 For  k  P  h 1 ,  .  .  .  ,  n ,  n  1  t j \ h  j j ,  the extended relations  > k  on  W k < ~  h w #  k j  are obviously
 (partial) orders . It has to be shown that the extended relation  > s  is transitive for
 s  P  h  j ,  n  1  1 ,  .  .  .  ,  n  1  l j \ h n  1  t j .  From  y  > s  w  > s  w #  s  and  w #  s  > s  x  > s  y ,  it follows that
 y  > s  w #  s  and  w #  s  > s  y  immediately from the definition of  w  > s  w #  s  and  w #  s  > s  x ,  respectively
 ( s  P  h  j ,  n  1  1 ,  .  .  .  ,  n  1  l j \ h n  1  t j ) .
 Now we prove that  > j   is a (partial) order . Let  j  5  n  1  t  and let  y  > n 1 t  w #  n 1 t  > n 1 t  w .
 Then there are elements  x  and  y  in  G  with  y  > n 1 t  m n 1 t ( x ) , m n 1 t (  y )  > n 1 t w ,
 m i ( x )  > i  m i ( g )  > i  m i (  y ) ,  and  m k ( x )  > k  m k ( h )  >  m k (  y ) for  k  P  h 1 ,  .  .  .  ,  n j \ h i j .  From
 m i ( x )  > i  m i (  y )  and  m k ( x )  > k  m k (  y ) for  k  P  h 1 ,  .  .  .  ,  n j \ h i j ,  it follows that  m n 1 t ( x )  > n 1 t
 m n 1 t (  y ) by ( A
 t
 n 1 t ) .  Hence  y  > n 1 t  m n 1 t ( x )  > n 1 t  m n 1 t (  y )  > n 1 t  w ,  i . e .  y  > n 1 t  w .  If  y  > j  w #  j  > j
 w  and  i  5  n  1  t ,  then there are elements  x  and  y  in  G  with  y  > j  m j ( x ) , m j (  y )  > j  w ,
 m n 1 t ( x )  > n 1 t  m n 1 t ( g )  > n 1 t  m n 1 t (  y ) ,  and  m k (  y )  > k  m k ( h )  > k  m k ( x ) for  k  P  h 1 ,  .  .  .  ,  n j \
 h  j j .  By ( A t j ) ,  this implies that  m j ( x )  > j  m j (  y ) ,  which yields  y  > j  m j ( x )  > j
 m j (  y )  > j  w ,  i . e .  y  > j  w .  In the case in which  i , j  P  h 1 ,  .  .  .  ,  n j ,  y  > j  w #  j  > j  w  implies
 the existence of elements  x  and  y  in  G  with  y  > j  m j ( x ) , m j (  y )  > j  w , m n 1 t ( x )  > n 1 t
 m n 1 t ( h )  > n 1 t  m n 1 t (  y ) , m i (  y )  > i  m i ( g )  > i  m i ( x ) ,  and  m k (  y )  > k  m k ( h )  > k  m k ( x ) for  k  P
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 h 1 ,  .  .  .  ,  n j \ h i ,  j j .  This yields  m j ( x )  > j  m j (  y ) by ( A t j ) and thus  y  > j  w .  Furthermore , this
 shows that the antisymmetry is also true for the extended relations . Hence  > j   is a
 (partial) order . Similarly ,  y  > s  w #  s  > s  w  implies  y  > s  w  for all  s  P  h n  1  1 ,  .  .  .  ,  n  1  l j \ h n  1
 t j .  Hence  > s  are (partial) orders on  W s < ~  h w #  s j  for  s  P  h  j ,  n  1  1 ,  .  .  .  ,  n  1  l j \ h n  1  t j .
 Next we prove that the extended ordinal context satisfies the axioms ( A s k ) for all
 k  P  h 1 ,  .  .  .  ,  n ,  n  1  s j  and  s  5  1 ,  .  .  .  ,  l .  Here , again , the cases  j  5  n  1  t , i  5  n  1  t  and  i ,
 j  P  h 1 ,  .  .  .  ,  n j  have to be distinguished . First we consider the case  j  5  n  1  t .  Let  s  be an
 element of  h 1 ,  .  .  .  ,  l j .  Then we obtain :
 ( A s n 1 s ) :  m k ( q )  > k  m k (  p#  )  for  all  k  P  h 1 ,  .  .  .  ,  n j
 é  m i ( q )  > i  m i ( g ) ,  m k ( q )  > k  m k ( h )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i j
 é  m n 1 s ( q )  > n 1 s  m n 1 s (  p#  )  (set  x  : 5  q ) ;
 ( A s i ) :  m n 1 s ( q )  > n 1 s  m n 1 s (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h i j
 é  ' x  P  G :  m n 1 s ( q )  > n 1 s  m n 1 s ( x ) ,
 m k ( x )  > k  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i j ,  m i ( x )  > i  m i ( g ) ,
 é  m i ( q )  > i  m i ( x )  > i  m i ( g )  (by  ( A s i ))
 é  m i ( q )  > i  m i (  p#  ) ;
 ( A s d )  for  d  P  h 1 ,  .  .  .  ,  n j \ h i j :
 m n 1 s ( q )  > n 1 s  m n 1 s (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h d j
 é  ' x  P  G :  m n 1 s ( q )  > n 1 s  m n 1 s ( x ) ,  m i ( x )  > i  m i ( g )  > i  m i ( q ) ,
 m d ( x )  > d  m d ( h ) ,  m k ( x )  > k  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  d j
 é  m d ( q )  > d  m d ( x )  > d  m d ( h )  (by  ( A s d ))
 é  m d ( q )  > d  m d (  p#  ) .
 If  i  5  n  1  t ,  then we obtain for  s  P  h 1 ,  .  .  .  ,  l j \ h t j :
 ( A t n 1 t ) :  m k ( q )  > k  m k (  p#  )  for  all  k  P  h 1 ,  .  .  .  ,  n j
 é  ' x  P  G :  m j ( q )  > j  m j ( x ) ,  m n 1 t ( x )  > n 1 t  m n 1 t ( g ) ,
 m k ( q )  > k  m k ( h )  > k  m k ( x )  for  k  P  h 1 ,  .  .  .  ,  n j \ h  j j
 é  m n 1 t ( q )  > n 1 t  m n 1 t ( x )  > n 1 t  m n 1 t ( g )  (by  ( A t n 1 t ))
 é  m n 1 t ( q )  > n 1 t  m n 1 t (  p#  ) ;
 ( A t j ) :  m n 1 t ( q )  > n 1 t  m n 1 t (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h  j j
 é  m n 1 t ( q )  > n 1 t  m n 1 t ( g ) ,  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h  j j
 é  m j ( q )  > j  m j (  p#  )  (set  x  : 5  q ) ;
 ( A t d )  for  d  P  h 1 ,  .  .  .  ,  n j \ h  j j :
 m n 1 t ( q )  > n 1 t  m n 1 t (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h d j
 é  ' y  P  G :  m j (  y )  > j  m j ( q ) ,  m n 1 t ( q )  > n 1 t  m n 1 t ( g )  > n 1 t  m n 1 t (  y ) ,
 m d (  y )  > d  m d ( h ) ,  m k (  y )  > k  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h  j ,  d j
 é  m d ( q )  > d  m d (  y )  > d  m d ( h )  (by  ( A t d ))
 é  m d ( q )  > d  m d (  p#  ) ;
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 ( A s n 1 s ) :  m k ( q )  > k  m k ( p#  )  for  all  k  P  h 1 ,  .  .  .  ,  n j
 é  m n 1 s ( q )  > n 1 s  m n 1 s ( q ) ,  m j ( q )  > j  w #  j  ,
 m k ( q )  > k  m k ( h )  for  k  P  h 1 ,  .  .  .  ,  n j \ h  j j
 é  m n 1 s ( q )  > n 1 s  w #  n 1 s  5  m n 1 s ( p#  )  (set  x  : 5  q ) ;
 ( A s j ) :  m n 1 s ( q )  > n 1 s  m n 1 s (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h  j j
 é  ' x  P  G :  m n 1 s ( q )  > n 1 s  m n 1 s ( x ) ,  m j ( x )  > j  w #  j
 m k ( x )  > k  m k ( h )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h  j j
 é  m j ( q )  > j  m j ( x )  > j  w #  j  (by  ( A s j ))
 é  m j ( q )  > j  m j (  p#  ) ;
 ( A s d ) for  d  P  h 1 ,  .  .  .  ,  n j \ h  j j :
 m n 1 s ( q )  > n 1 s  m n 1 s (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h d j
 é  ' x  P  G :  m n 1 s ( q )  > n 1 s  m n 1 s ( x ) ,  m j ( x )  > j  w #  j  > j  m j ( q ) ,
 m k ( x )  > k  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h  j ,  d j ,  m d ( x )  > d  m d ( h )
 é  m d ( q )  > d  m d ( x )  > d  m d ( h )  (by  ( A s d ))
 é  m d ( q )  > d  m d (  p#  ) .
 Now we consider the case in which  i  and  j  are elements of  h 1 ,  .  .  .  ,  n j :
 ( A t n 1 t ) :  m k ( q )  > k  m k (  p#  )  for  all  k  P  h 1 ,  .  .  .  ,  n j
 é  ' x  P  G :  m j ( q )  > j  m j ( x ) ,  m i ( q )  > i  m i ( g )  > i  m i ( x ) ,
 m k ( q )  > k  m k ( h )  > k  m k ( x )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j  m n 1 t ( x )  > n 1 t  m n 1 t ( h )
 é  m n 1 t ( q )  > n 1 t  m n 1 t ( x )  > n 1 t  m n 1 t ( h )  (by  ( A t n 1 t ))
 é  m n 1 t ( q )  > n 1 t  m n 1 t (  p#  ) ;
 ( A t i ) :  m n 1 t ( q )  > n 1 t  m n 1 t (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h i j
 é  ' y  P  G :  m j (  y )  > j  m j ( q ) ,  m i (  y )  > i  m i ( g ) ,  m n 1 t ( q )  > n 1 t  m n 1 t ( h )  > n 1 t  m n 1 t (  y ) ,
 m k (  y )  > k  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j
 é  m i ( q )  > i  m i (  y )  > i  m i ( g )  (by  ( A t i ))
 é  m i ( q )  > i  m i (  p#  ) ;
 ( A t j ) :  m n 1 t ( q )  > n 1 t  m n 1 t (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h  j j
 é  m j ( q )  > j  m j ( q ) ,  m i ( g )  > i  m i ( q ) ,  m n 1 t ( q )  > n 1 t  m n 1 t ( h ) ,
 m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j
 é  m j ( q )  > j  m j (  p#  )  (set  x  : 5  q ) ;
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 ( A t d ) for  d  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j :
 m n 1 t ( q )  > n 1 t  m n 1 t (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h d j
 é  ' y  P  G :  m j (  y )  > j  m j ( q ) ,  m i (  y )  > i  m i ( g )  > i  m i ( q ) ,
 m n 1 t ( q )  > n 1 t  m n 1 t ( h )  > n 1 t  m n 1 t (  y ) ,
 m d (  y )  > d  m d ( h ) ,  m k (  y )  > k  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j ,  d j
 é  m d ( q )  > d  m d (  y )  > d  m d ( h )  (by  ( A t d ))
 é  m d ( q )  > d  m d (  p#  ) ;
 ( A s n 1 s ) :  m k ( q )  > k  m k (  p#  )  for  all  k  P  h 1 ,  .  .  .  ,  n j
 é  m n 1 s ( q )  > n 1 s  m n 1 s ( q ) ,  m i ( q )  > i  m i ( g ) ,  m j ( q )  > j  w #  j  ,
 m k ( q )  > k  m k ( h )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j
 é  m n 1 s ( q )  > n 1 s  w #  n 1 s  5  m n 1 s (  p#  )  (set  x  : 5  q ) ;
 ( A s i ) :  m n 1 s ( q )  > n 1 s  m n 1 s (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h i j
 é  ' x  P  G :  m n 1 s ( q )  > n 1 s  m n 1 s ( x ) ,  m j ( x )  > j  w #  j  > j  m j ( q )
 m k ( x )  > k  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j ,  m i ( x )  > i  m i ( g )
 é  m i ( q )  > i  m i ( x )  > i  m i ( g )  (by  ( A s i ))
 é  m i ( q )  > i  m i (  p#  ) ;
 ( A s j ) :  m n 1 s ( q )  > n 1 s  m n 1 s (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h  j j
 é  ' x  P  G :  m n 1 s ( q )  > n 1 s  m n 1 s ( x ) ,  m j ( x )  > j  w #  j
 m k ( x )  > k  m k ( h )  > k  m k ( q )  for  all  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j ,  m i ( x )  > i  m i ( g )  > i  m i ( q )
 é  m j ( q )  > j  m j ( x )  > j  w #  j  (by  ( A s j ))
 é  m j ( q )  > j  m j (  p#  ) ;
 ( A s d ) for  d  P  h 1 ,  .  .  .  ,  n j \ h i ,  j j :
 m n 1 s ( q )  > n 1 s  m n 1 s (  p#  ) ,  m k (  p#  )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h d j
 é  ' x  P  G :  m n 1 s ( q )  > n 1 s  m n 1 s ( x ) ,  m i ( x )  > i  m i ( g )  > i  m i ( q ) ,
 m j ( x )  > j  w #  j  > j  m j ( q ) ,  m d ( x )  > d  m d ( h ) ,
 m k ( x )  > k  m k ( h )  > k  m k ( q )  for  k  P  h 1 ,  .  .  .  ,  n j \ h i ,  j ,  d j
 é  m d ( q )  > d  m d ( x )  > d  m d ( h )  (by  ( A s d ))
 é  m d ( q )  > d  m d (  p#  ) .
 The conditions for the dual orders follow analogously .  h
 T HEOREM 3 (embedding theorem) .  An n - based ordinal context  K  can always be
 embedded into a sol y  able n - based ordinal context .
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 P ROOF .  Let ( g a  ,  h a  ,  t a  ,  i a  ,  j a  ) be a well ordered family of 5-tuples with  g a  , h a  P  G ,
 t a  P  h 1 ,  .  .  .  ,  l j ,  and  i a  ?  j a  in  h 1 ,  .  .  .  ,  n ,  n  1  t a  j  such that there is no  p  in  G  with
 g a Θ i a  p ˚
 t a
 i a  j a  h a  .  By transfinite induction we construct a family of ordinal contexts
 K a  : 5  ( G a  ,  M ,  ( W
 a
 k  ,  >
 a
 k ) k P h 1 , . . . ,n 1 l j , I a ) starting from the ordinal context  K 0  : 5
 ( G 0  ,  M ,  ( W
 0
 k ,  >
 0
 k ) k P h 1 , . . . ,n 1 l j ,  I 0 )  : 5  K ( 5  ( G ,  M ,  ( W k  ,  > k ) k P h 1 , . . . ,n 1 l j ,  I )) .  If  a  is not a
 limit number , then we extend  K a 2 1 to  K a  as in the extension lemma . If  a  is a limit
 number we choose  G a  : 5  ! g , a  G g  ,  W  a k  : 5  ! g , a  W  g k  ,  and  > a k  : 5  ! g , a  > g k  for  k  5
 1 ,  .  .  .  ,  n  1  l .  Finally , we reach the ordinal context  K b  ,  which has all  K a  for  a  ,  b  as
 subcontexts . Thus , for each ( g a  ,  h a  ,  t a  ,  i a  ,  j a  ) with  a  ,  b  ,  there exists an element  p#  a  in
 G a  with  g a Θ  b i a p#  a ! k P h 1 , . . . ,n ,n 1 t a  j \ h i a  ,j a  j  Θ
 b
 k h a  .  Now , we repeat the construction countable
 many times , always choosing the resulting ordinal context as new starting context . Thus
 we obtain a sequence of ordinal contexts ( G #  q  , M ,  ( W #  q k ,  > #  q k ) k P h 1 , . . . ,n 1 l j , I # q ) with
 G #  q  Ô  G #  q 1 1  and  W #  q k  Ô  W #  q 1 1 k   such that , for every  g , h  P  G #  q  , t  P  h 1 ,  .  .  .  ,  l j ,  and  i  ?  j  in
 h 1 ,  .  .  .  ,  n , n  1  t j ,  there is a  p  P  G #  q 1 1 with  g Θ i  p ˚  t ij  h .  Therefore , the union of all these
 resulting ordinal contexts gives the desired solvable  n -based ordinal context which has
 K as a subcontext .  h
 Finally , we can summarize the results of Theorems 2 and 3 in the following general
 representation theorem .
 T HEOREM 4 (general representation theorem) .  An ordinal context  K  with n  1  l
 attributes is representable by ordered n - quasigroups  ( Q ,  f j  ,  > )  with j  P  h 1 ,  .  .  .  ,  l j  if f  K  is
 n - based .
 4 .  O RDERED  n -Q UASIGROUP AND O RDERED B ILINEAR R EPRESENTATIONS
 In the General Representation Theorem it is clarified under which conditions an
 ordinal context  K  can be represented by ordered  n -quasigroups . Representations by
 ordered  n -quasigroups have been performed with respect to a basis of  n  distinguished
 attributes of  K . This has the consequence that ordered  n -quasigroup representations as
 defined in the last section only provide algebraic descriptions for the dependencies of
 the  n  basis attributes with every further attribute . Because of this generality , only weak
 conditions are required for these representations of ordinal contexts by ordered
 n -quasigroups .
 In contrast to this , the existence of a bilinear representation of an ordinal context  K
 in an  n -dimensional vector space always implies that every  n  1  1 attributes of  K  are
 linearly dependent and thus their relationships can be described by linear combinations
 (cf . [6]) . Therefore the bilinear representability of ordinal contexts is independent of
 the choice of the basis for the representation ; i . e . the bases of bilinear representations
 always satisfy the exchange property . From this contrast the next important question
 concerning representations by ordered  n -quasigroups arises naturally :
 When does there exist a representation of an ordinal context  K  such that the
 dependencies of e y  ery n  1  1  attributes of  K  which satisfy the conditions  ( A 0 ) ,
 ( A 1 ) ,  .  .  .  ,  ( A n ) can be described by ordered n - quasigroup operations ?
 or : When does there exist a representation of an ordinal context  K  by ordered
 n -quasigroups such that the bases of the representation satisfy the exchange property?
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 To find answers to these questions seems to be dif ficult . Therefore , more questions will
 be posed concerning ordered  n -quasigroup representations with further properties of
 bilinear representations . Subsequently , we focus on the question of what the ‘algebraic’
 ordinal context has to look like into which we have to embed ordinal contexts in order
 to obtain such stronger  n -quasigroup representations .
 Let  K  : 5  ( G ,  M ,  ( W m  ,  > m ) m P M , I ) be an ordinal context with  M  5  h m 1  ,  .  .  .  ,  m n 1 l j
 which is representable with respect to basis  m 1  ,  .  .  .  ,  m n  by the ordered  n -quasigroups
 ( Q ,  f j  ,  > )  (  j  5  1 ,  .  .  .  ,  l ) .  Then the attribute values of  K  can be understood as elements
 of  Q  such that the dependency of the attributes  m 1  ,  .  .  .  ,  m n  ,  m n 1 j  (  j  P  h 1 ,  .  .  .  ,  l j ) can
 be described by the equation
 m n 1 j  5  f j ( m 1  ,  .  .  .  ,  m n )
 (which means  m n 1 j ( g )  5  f j ( m 1 ( g ) ,  .  .  .  ,  m n ( g )) for all  g  P  G ) .
 If the dependency of a further ( n  1  1)-element subset of  M  is supposed to be
 described by an ordered  n -quasigroup operation , then it is necessary that these
 attributes are ordinally dependent in a specific way . Therefore we call an ( n  1  1)-
 element subset  h  p 0  ,  p 1  ,  .  .  .  ,  p n j  of  M  a  mutually ordinally dependent  set of attributes
 (with respect to  É  ) if there exists a mapping  É  :  h 0 ,  1 ,  .  .  .  ,  n j  5  h 1 ,  2 j  such that
 h  p * 0  ,  p * 1  ,  .  .  .  ,  p * n  j  with  p * i  5  p i  for  É  ( i )  5  1 and  p * i  5  p d i   for  É  ( i )  5  2 satisfies the
 conditions ( A 0 ) ,  ( A 1 ) ,  .  .  .  ,  ( A n ) .  (  p
 d
 i   denotes the dual attribute of  p i ; i . e . the attribute
 values are dually ordered . )
 To describe the dependency between the attributes of a mutually ordinally
 dependent set of attributes , ordered  n -quasigroup operations have to be generalized
 because the orders of some attributes may be reversed . Therefore , we define
 generalized ordered  n -quasigroups , as follows . Let ( Q ,  > ) be a (partially) ordered set
 and let  f  be an  n -ary operation on  Q  satisfying the conditions ( P 1 ) ,  .  .  .  ,  ( P n ) .  Then
 ( Q ,  f ,  > )  is a  generalized ordered n - quasigroup  if there exists a mapping  É  :
 h 0 ,  1 ,  .  .  .  ,  n j  5  h 1 ,  2 j  such that , for  x 0  5  f  ( x 1  ,  .  .  .  ,  x n ) , y 0  5  f  (  y 1  ,  .  .  .  ,  y n ) and  i  P
 h 1 ,  .  .  .  ,  n j ,  we have
 ( Q É 0 )  x j  >
 É  (  j )  y j  for  j  P  h 1 ,  .  .  .  ,  n j  implies  x 0  > É  (  j )  y 0  ,
 ( Q É i  )  x 0  >
 É  (0)  y 0  and  y j  >
 É  (  j )  x j  for  j  P  h 1 ,  .  .  .  ,  n j \ h i j  imply  x i  > É  ( i )  y i  ,
 where  > 1  : 5  >  and  > 2  : 5  < . In this case the generalized ordered  n -quasigroup
 ( Q ,  f ,  > )  is also called an  É  - ordered n - quasigroup .
 Examples of generalized ordered  n -quasigroup operations are the linear forms on a
 linearly ordered field ( F ,  1 ,  ? ,  > ) .  If  f  :  F  n  5  F  is the linear form  f  ( x 1  ,  .  .  .  ,  x n )  : 5
 r 1  ?  x 1  1  ?  ?  ?  1  r n  ?  x n  with  r i  ?  0 for  i  5  1 ,  .  .  .  ,  n  and  É  :  h 0 ,  1 ,  .  .  .  ,  n j  5  h 1 ,  2 j  is defined
 by  É  ( i )  : 5  1 if  i  5  0 or  r i  .  0 and  É  ( i )  : 5  2 if  r i  ,  0 ,  then ( F ,  f ,  > ) forms a  É  -ordered
 n -quasigroup . In contrast to this , the ordered  n -quasigroup operations only comprise
 the linear forms with positive coef ficients .
 Now we say that an ordinal context  K  : 5  ( G ,  M ,  ( W i  ,  > i ) i P h 1 , . . . ,n 1 l j , I ) has a  strong
 representation by generalized ordered n - quasigroups  on ( Q ,  > ) if there exist order
 embeddings  i i  from ( W i  ,  > i ) into ( Q ,  > ) such that , for every mutually ordinally
 dependent attributes  m k 0  ,  m k 1  ,  .  .  .  ,  m k n  ,  there is a generalized  n -quasigroup operation
 f ( k 0 ,k 1 , . . . ,k n )  on ( Q ,  > ) with
 i k 0 ( m k 0 ( g ))  5  f ( k 0 ,k 1 , . . . ,k n ) ( i k 1 ( m k 1 ( g )) ,  .  .  .  ,  i k n ( m k n ( g )))
 for all  g  P  G .  Thus , the above question can be reformulated as follows :
 When does there exist a strong representation of an ordinal context by generalized
 ordered n - quasigroups ?
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 The fact that ordered bilinear representations allow to describe the dependencies of
 every  n  1  1 attributes by linear combinations originates from the close interrelation of
 the linear forms of the representing vector space . If ( F ,  w ,  > ,  0) is an ordered  n -loop ,
 where ( F ,  1 ,  ? ,  > ) is an ordered field and  w  :  F  n  5  F  is defiend by  w ( x 1  ,  .  .  .  ,  x n )  : 5
 x 1  1  ?  ?  ?  1  x n  ,  then every linear form  w 9 on  F
 n  can be described in the form
 w 9 ( x 1  ,  .  .  .  ,  x n )  5  w ( a 1  ?  x 1  ,  .  .  .  ,  a n  ?  x n )  for elements  a 1  ,  .  .  .  ,  a n  in  F  ; i . e . every linear
 form can be described using  w .  This is an important property of the dual space of a
 vector space .
 For (generalized) ordered  n -quasigroup operations on an ordered set ( Q ,  > ) ,  it is
 not clear when they can be described using one ordered  n -quasigroup operation . Thus ,
 we have the question : When and how can the operations  f 1  ,  .  .  .  ,  f l  of a representation
 by (generalized) ordered  n -quasigroups ( Q ,  f j  ,  > ) with  j  P  h 1 ,  .  .  .  ,  l j  be derived with
 the help of one ordered  n -quasigroup operation? Isotopy is a notion which is useful in
 formulating such an interrelation of ordered  n -quasigroups . Generalized ordered
 n -quasigroups ( R ,  g ,  > ) and ( S ,  h ,  > ) are called  generalized isotopic  if there are order
 isomorphisms or order antiisomorphisms  i  0  ,  i  1  ,  .  .  .  ,  i n  from ( R ,  > ) onto ( S ,  > ) such
 that  i  0 g ( x 1  ,  .  .  .  ,  x n )  5  h ( i  1 x 1  ,  .  .  .  ,  i n x n ) for all  x 1  ,  .  .  .  ,  x n  P  R .  Furthermore , we call a
 family of generalized ordered  n -quasigroups ( Q ,  f j  ,  > ) (  j  P  J )  isotopical  if there exists
 an ordered  n -loop ( Q ,  f ,  > ,  0) which is generalized isotopic to ( Q ,  f j  ,  > ) for all  j  P  J .
 (To assume the existence of an ordered  n -loop instead of an ordered  n -quasigroup
 does not cause any restriction , since every ordered  n -quasigroup can be transformed
 into an isotopic ordered  n -loop (cf . [8])) . From this , we obtain a second important
 question concerning representations by (generalized) ordered  n -quasigroups :
 Under what conditions does there exist a representation of an ordinal context by
 isotopical  ( generalized )  ordered n - quasigroups ?
 In addition to the generalized isotopy , there is a further important property of the dual
 space of a vector space which expresses the close interrelation of the linear forms on a
 vector space . In order to formulate this property , the following definition is needed .
 Two  n -ary operations  f  and  g  on a set  Q  are called  entropic  if
 f  ( g ( x 1 1  ,  x 2 1  ,  .  .  .  ,  x n 1 ) ,  g ( x 1 2  ,  x 2 2  ,  .  .  .  ,  x n 2 ) ,  .  .  .  ,  g ( x 1 n  ,  x 2 n  ,  .  .  .  ,  x n n ))
 5  g (  f  ( x 1 1  ,  x 1 2  ,  .  .  .  ,  x 1 n ) ,  f  ( x 2 1  ,  x 2 2  ,  .  .  .  ,  x 2 n ) ,  .  .  .  ,  f  ( x n 1  ,  x n 2  ,  .  .  .  ,  x n n ))
 for  x i j  P  Q  ( i ,  j  P  h 1 ,  .  .  .  ,  n j ) .  An ordered  n -quasigroup ( Q ,  f ,  > ) is called  entropic  if  f  is
 entropic to itself . Obviously , the ordered  n -loop ( F ,  w ,  > ,  0) over a commutative
 ordered field ( F ,  1 ,  ? ,  > ) is entropic . Furthermore , the dual space ( F  n )* of the vector
 space  F  n  is a maximal set of pairwise entropic mappings from  F  n  into  F  ; ( F  n )* can be
 characterized as the set of  n -ary operations on  F  which are entropic to  r  ?  w  for every
 r  P  F  (where ( r  ?  w )( x 1  ,  .  .  .  ,  x n )  : 5  r  ?  x 1  1  ?  ?  ?  1  r  ?  x n ) .
 L EMMA 5 .  Let  ( F ,  1 ,  ? ,  > )  be an ordered commutati y  e field and the mapping
 w :  F  n  5  F defined by  w ( x 1  ,  .  .  .  ,  x n )  : 5  x 1  1  ?  ?  ?  1  x n for x 1  ,  .  .  .  ,  x n  P  F . Then an n - ary
 operation  c  on F is a linear form if f  c  is entropic to r  ?  w  for e y  ery r  P  F . If  c  further
 satisfies Q 0  ,  Q 1  ,  .  .  .  ,  Q n  , then  c  is a linear form with positi y  e coef ficients .
 P ROOF .  Obviously , every linear form  c  ( x 1  ,  .  .  .  ,  x n )  5  a 1  ?  x 1  1  ?  ?  ?  1  a n  ?  x n  with
 a 1  ,  .  .  .  ,  a n  in  F  is entropic to  r  ?  w  for every  r  P  F .  Conversely , let  g  be an  n -ary
 operation on  F  which is entropic to  r  ?  w  for every  r  P  F .  Then  g (0 ,  .  .  .  ,  0)  5  0 because
 g  is entropic to 0  ?  w .  Furthermore , since  g  is entropic to  w  it follows that
 g ( x 1  ,  .  .  .  ,  x n )  5  g ( x 1  ,  0 ,  .  .  .  ,  0)  1  g (0 ,  x 2  ,  0 ,  .  .  .  ,  0)  1  ?  ?  ?  1  g (0 ,  .  .  .  ,  0 ,  x n )
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 and , for every co-ordinate , it holds that
 g (0 ,  .  .  .  ,  x  1  y ,  .  .  .  ,  0)  5  g (0 ,  .  .  .  ,  x ,  .  .  .  ,  0)  1  g (0 ,  .  .  .  ,  y ,  .  .  .  ,  0) .
 Together , this implies that  g ( x 1  1  y 1  ,  .  .  .  ,  x n  1  y n )  5  g ( x 1  ,  .  .  .  ,  x n )  1  g (  y 1  ,  .  .  .  ,  y n ) for
 all ( x 1  ,  .  .  .  ,  x n ) ,  (  y 1  ,  .  .  .  ,  y n )  P  F
 n .  Now , let  r  be an element of  F .  Then it follows that
 g ( r  ?  x 1  ,  .  .  .  ,  r  ?  x n )  5  O n
 i 5 1
 r  ?  g ( x i  ?  e i )  (because  g  is  entropic  to  r  ?  w )
 5  r  ?  O n
 i 5 1
 g ( x i  ?  e i )  5  r  ?  g ( x 1  ,  .  .  .  ,  x n ) .  h
 Of course , it is desirable to obtain many of the properties of ordered bilinear
 representations if representations by (generalized) ordered  n -quasigroups are per-
 formed . Therefore , there should be several dif ferent representation theorems between
 those for (generalized) ordered  n -quasigroup representations and those for ordered
 bilinear representations . Additionally , the interrelations between these representations
 should be studied .
 In the following we are looking for an ordinal context  K ( L ) with the property that
 every ordinal context which can be embedded into  K ( L ) is strongly representable by
 isotopical generalized ordered  n -quasigroups . Then the ordinal context  K ( L ) has to be
 of the form ( Q n ,  ( Q n )* ,  ( Q ,  > ) ,  J ) ,  where  L  : 5  ( Q ,  f ,  > ,  0) is an ordered  n -loop , ( Q n )*
 is a set of generalized ordered  n -quasigroup operations on ( Q ,  > ) ,  and (( x 1  ,  .  .  .  ,  x n ) ,
 f #  ,  q )  P  J  if f  f #  ( x 1  ,  .  .  .  ,  x n )  5  q .  Furthermore , ( Q n )* has to be defined such that every
 representation of an ordinal context by generalized ordered  n -quasigroups ( Q ,  f j  ,  > )
 with  f 1  ,  .  .  .  ,  f l  P  ( Q
 n )* is already a strong representation by isotopical generalized
 ordered  n -quasigroups . Furthermore , ( Q n )* should contain all generalized ordered
 n -quasigroup operations needed to describe the dependencies between every mutually
 ordinally dependent attributes . Then ( Q n )* could be considered as a ‘dual space’ of  Q n .
 Let  L  : 5  ( Q ,  f ,  > ,  0) be an ordered  n -loop . Then we first assume that ( Q n )* is a set
 of generalized ordered  n -quasigroup operations entropic to  f .  This has the surprising
 consequence that  L  can already be described by an ordered abelian group .
 T HEOREM 5 .  Let  L  : 5  ( Q ,  f ,  > ,  0)  be an ordered n - loop . If there exists a generalized
 ordered n - quasigroup operation on  ( Q ,  > )  which is entropic to f , then  L  is entropic . This
 has the consequence that  ( Q ,  1 ,  > )  with  1 :  Q 2  5  Q defined by x  1  y  : 5  1 ( x ,  y )  : 5
 f  ( x ,  y ,  0 ,  .  .  .  ,  0) forms an ordered abelian group for which f  ( x 1  ,  .  .  .  ,  x n )  5  x 1  1  ?  ?  ?  1  x n
 for all  ( x 1  ,  .  .  .  ,  x n )  P  Q and g ( x 1  ,  .  .  .  ,  x n )  5  a  1 ( x 1 )  1  ?  ?  ?  1  a n ( x n )  for automorphisms
 or antiautomorphisms  a  1  ,  .  .  .  ,  a n of  ( Q ,  1 ,  > ) .
 P ROOF .  Let  g  be a generalized ordered  n -quasigroup operation on ( Q ,  > ) which is
 entropic to  f .  We first prove that there are automorphisms or antiautomorphisms
 a  1  ,  .  .  .  ,  a n  of  L  with  g ( x 1  ,  .  .  .  ,  x n )  5  f  ( a  1 ( x 1 ) ,  .  .  .  ,  a n ( x n )) for all ( x 1  ,  .  .  .  ,  x n )  P  Q n .
 Let  a i  :  Q  5  Q  ( i  5  1 ,  .  .  .  ,  n ) be defined by  a i ( x )  : 5  g (0 ,  .  .  .  ,  x i  ,  .  .  .  ,  0) .  Then it holds
 that
 g ( x 1  ,  .  .  .  ,  x n )  5  f  ( g ( x 1  ,  0 ,  .  .  .  ,  0) ,  g (0 ,  x 2  ,  0 ,  .  .  .  ,  0) ,  g (0 ,  .  .  .  ,  0 ,  x n ))
 (because  g  is  entropic  to  f  )
 5  f  ( a  1 ( x 1 ) ,  a  2 ( x 2 ) ,  .  .  .  ,  a n ( x n ))
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 and it remains to be shown that  a  1  ,  .  .  .  ,  a n  are automorphisms or antiautomorphisms
 of  L . Since  g  is entropic to  f ,  we obtain , for  i  P  h 1 ,  .  .  .  ,  n j ,
 a i  f  ( x 1  ,  .  .  .  ,  x n )  5  g (0 ,  .  .  .  ,  f  ( x 1  ,  .  .  .  ,  x n ) ,  .  .  .  ,  0)
 5  f  ( g (0 ,  .  .  .  ,  x 1  ,  .  .  .  ,  0) ,  .  .  .  ,  g (0 ,  .  .  .  ,  x n  ,  .  .  .  ,  0))
 5  f  ( a i ( x 1 ) ,  a i ( x 2 ) ,  .  .  .  ,  a i ( x n )) .
 Furthermore ,  a i  is bijective and order-preserving or order-reversing , because  g  is a
 generalized ordered  n -quasigroup operation . In order to show that  f  is entropic to
 itself , let  x i j  be elements of  Q  for  i , j  P  h 1 ,  .  .  .  ,  n j .  Then
 f  (  f  ( x 1 1  ,  .  .  .  ,  x n 1 ) ,  .  .  .  ,  f  ( x 1 n  ,  .  .  .  ,  x n n ))
 5  f  (  f  ( a  1 a
 2 1
 1  ( x 1 1 ) ,  .  .  .  ,  a n a
 2 1
 n  ( x n 1 )) ,  .  .  .  ,  f  ( a  1 a
 2 1
 1  ( x 1 n ) ,  .  .  .  ,  a n a
 2 1
 n  ( x n n )))
 5  f  ( g ( a  2 1 1  ( x 1 1 ) ,  .  .  .  ,  a
 2 1
 n  ( x n 1 )) ,  .  .  .  ,  g ( a
 2 1
 1  ( x 1 n ) ,  .  .  .  ,  a
 2 1
 n  ( x n n )))
 5  g (  f  ( a  2 1 1  ( x 1 1 ) ,  .  .  .  ,  a
 2 1
 1  ( x 1 n )) ,  .  .  .  ,  f  ( a
 2 1
 n  ( x n 1 ) ,  .  .  .  ,  a
 2 1
 n  ( x n n )))
 (because  g  is  entropic  to  f  )
 5  g ( a  2 1 1  f  ( x 1 1  ,  .  .  .  ,  x 1 n ) ,  .  .  .  ,  a
 2 1
 n  f  ( x n 1  ,  .  .  .  ,  x n n ))
 5  f  (  f  ( x 1 1  ,  .  .  .  ,  x 1 n ) ,  .  .  .  ,  f  ( x n 1  ,  .  .  .  ,  x n n )) .
 Hence  L  is entropic . To prove that ( Q ,  1 ,  > ) is a group , only the associativity has to
 verified . For  x , y , z  P  Q ,  it follows that
 ( x  1  y )  1  z  5  f  ( x  1  y ,  z ,  0 ,  .  .  .  ,  0)
 5  f  (  f  ( x ,  y ,  0 ,  .  .  .  ,  0) ,  f  (0 ,  z ,  0 ,  .  .  .  ,  0) ,  0 ,  .  .  .  ,  0)
 5  f  (  f  ( x ,  0 ,  .  .  .  ,  0) ,  f  (  y ,  z ,  0 ,  .  .  .  ,  0) ,  0 ,  .  .  .  ,  0)  (because  f  is  entropic  to  f  )
 5  f  ( x ,  y  1  z ,  0 ,  .  .  .  ,  0)
 5  x  1  (  y  1  z ) .
 Furthermore ,  x  >  y  implies  x  1  z  5  f  ( x ,  z ,  0 ,  .  .  .  ,  0)  >  f  (  y ,  z ,  0 ,  .  .  .  ,  0)  5  y  1  z ,  by ( Q 0 ) .
 Therefore , ( Q ,  1 ,  > ) forms an ordered group . Finally , the commutativity of  1 and the
 equality  f  ( x 1  ,  .  .  .  ,  x n )  5  x 1  1  ?  ?  ?  1  x n  for ( x 1  ,  .  .  .  ,  x n )  P  Q
 n  follows , since  f  is entropic
 to itself .  h
 By Theorem 5 , every generalized ordered  n -quasigroup operation entropic to  f  can
 be identified with an  n -tuple of automorphisms or antiautomorphisms of ( Q ,  1 ,  > ) .
 Therefore , we can also consider the ordinal context ( Q n ,  U n ,  ( Q ,  > ) , J 9 ) as represent-
 ing structure in which  U  is a group consisting of automorphisms and anti-
 automorphisms of ( Q ,  1 ,  > ) ,  and  J 9 is defined by
 (( x 1  ,  .  .  .  ,  x n ) ,  ( a  1  ,  .  .  .  ,  a n ) ,  q )  P  J 9  : ï  a  1 ( x 1 )  1  ?  ?  ?  1  a n ( x n )  5  q
 for ( x 1  ,  .  .  .  ,  x n )  P  Q
 n ,  ( a  1  ,  .  .  .  ,  a n )  P  U
 n ,  and  q  P  Q .  Of course , embeddings into the
 ordinal context ( Q n , U n ,  ( Q ,  > ) , J 9 ) yield representations by isotopical generalized
 ordered  n -quasigroups . However , in order to obtain strong representations , the
 n -tuples of automorphisms or antiautomorphisms needed to describe all mutual ordinal
 dependencies have to be in  U n  too . This can be achieved by requiring that with  a  and  b
 always  2 a  and  a  1  b  are elements of  U ,  where  a  1  b  :  Q  5  Q  is defined by
 ( a  1  b  )( x )  : 5  a  ( x )  1  b  ( x )  and ( 2 a  )( x )  : 5  2 a  ( x ) for all  x  P  Q .  Now ,  U  is closed under
 addition , if  U  is abelian and operating sharply transitively on  Q  \ h 0 j .  However , in this
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 case , ( U  <  0 # ,  1 ,  > *) is isomorphic to ( Q ,  1 ,  > ) if  > *  Ô  U  3  U  is defined by  a  > *  b  : ï
 a  (1)  >  b  (1)  for a fixed element 1 in  Q  and 0 # :  Q  5  Q  denotes the mapping with
 0 # ( x )  : 5  0  for all  x  P  Q .  Therefore , ( Q n ,  U n ,  ( Q ,  > ) ,  J 9 ) is already isomorphic to an
 ordered bilinear context , if  U  is abelian and operating sharply transitively on  Q .
 As a second possibility , we could drop the requirement that the elements of ( Q n )*
 have to be entropic to  f .  What are appropriate conditions for ( Q n )* if the elements of
 ( Q n )*  are not entropic to  f  ? In order to obtain representations by isotopical
 generalized ordered  n -quasigroups , the ordinal context  K ( L ,  H )  : 5  ( Q n ,  H n ,  ( Q ,  > ) , J 9 )
 is a suitable representing structure , where  H  is a group consisting of automorphisms
 and antiautomorphisms of  L  and  J 9 is defined by
 (( x 1  ,  .  .  .  ,  x n ) ,  ( a  1  ,  .  .  .  ,  a n ) ,  q )  P  J 9  : ï  f  ( a  1 ( x 1 ) ,  .  .  .  ,  a n ( x n ))  5  q
 for ( x 1  ,  .  .  .  ,  x n )  P  Q
 n ,  ( a  1  ,  .  .  .  ,  a n )  P  U
 n ,  and  q  P  Q .  Furthermore , we say that
 K ( L ,  H ) satisfies the  exchange property  if , for  a  1  ,  .  .  .  ,  a n  ,  b  1  ,  .  .  .  ,  b n  P  H  \ h 0 # j  and
 i  P  h 1 ,  .  .  .  ,  n j ,  there exist elements  g  1  ,  .  .  .  ,  g n  in  H  such that  y  5  f  ( a  1 x 1  ,  .  .  .  ,  a n x n )
 and  z  5  f  ( b  1 x 1  ,  .  .  .  ,  b n x n ) for  x 1  ,  .  .  .  ,  x n  ,  y ,  z  P  Q  always imply the equality  z  5
 f  ( g  1 x 1  ,  .  .  .  ,  g  i 2 1 x i 2 1 ,  g i  y ,  .  .  .  ,  g n x n ) .  If  K ( L ,  H ) satisfies the exchange property , then
 we obtain strong representations by embedding into  K ( L ,  H ) . Namely , if the ordinal
 context  K  : 5  ( G ,  M ,  ( W m  ,  > m ) m P M ,  I ) with  M  5  h m 1  ,  .  .  .  ,  m n 1 l j ,  can be embedded into
 K ( L ,  H ) , then there are , for  j  5  1 ,  .  .  .  ,  l ,  elements  a  j 1 ,  .  .  .  ,  a  j n  in  H  with  m n 1 j  5
 f  ( a  j 1 m 1  ,  .  .  .  ,  a
 j
 n m n ) .  Now , by the exchange property , there exist , for every subset
 h m k 0  ,  m k 1  ,  .  .  .  ,  m k n j  of  M ,  elements  g  1  ,  .  .  .  ,  g n  in  H  with  m k 0  5  f  ( g  1 m k 1  ,  .  .  .  ,  g n m k n ) .
 This leads to  m k 0  5  f  9 ( m k 1  ,  .  .  .  ,  m k n ) for the generalized ordered  n -quasigroup opera-
 tion  f  9 defined by  f  9 ( x 1  ,  .  .  .  ,  x n )  : 5  f  ( g  1 x 1  ,  .  .  .  ,  g n x n ) for ( x 1  ,  .  .  .  ,  x n )  P  Q
 n .  Therefore
 embeddings of ordinal contexts into  K ( L ,  H ) satisfying the exchange property provide
 strong representations by isotopical generalized ordered  n -quasigroups . The question
 when such embeddings exist remains open .
 This paper is a part of the author’s Ph . D . Dissertation (cf . [7]) .
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